Abstract. Let p be an odd prime and q a power of p. We examine the deformation theory of reducible and indecomposable Galois representationsρ : G Q → GSp 2n (F q ) that are unramified outside a finite set of primes S and whose image lies in a Borel subgroup. We show that under some additional hypotheses, such representations have geometric lifts to the Witt vectors W(F q ). The main Theorem 1.1 extends that of [3] in which the n = 1 case was treated.
Introduction
Let p be an odd prime number and let F q be the finite field with q = p f elements. Let S be a finite set of prime numbers. Serre's Modularity conjecture states that an odd and irreducible two-dimensional Galois representation
is modular, i.e, lifts to a representation ̺ attached to a newform. Moreover, the newform may be chosen with optimal weight and with level equal to the prime to p part of the Artin conductor of̺. This is a celebrated theorem of Khare and Wintenberger ([5] ).
In [3] , Hamblen and Ramakrishna prove a generalization of the weak form of Serre's conjecture for reducible two dimensional representation. They impose some conditions on a twodimensional representation̺ : G Q,S → GL 2 (F q )
(1)̺ is reducible of the form̺ (4) The Galois character ϕ is stipulated to satisfy some conditions, for instance, ϕ / ∈ {1,χ ±1 } whereχ is the mod p cyclotomic character. (5) There is a further condition onρ ↾Gp , the reader may refer to condition 5 of Theorem 2 in [3] for further details. Hamblen and Ramakrishna show that if̺ satisfies the above mentioned conditions, then on enlarging the set of ramification S by a finite set of primes X,̺ has a ̺ which is geometric in the sense of Fontaine and Mazur G Q,S∪X G Q,S GL 2 (F q ).
The modularity of ̺ follows from the modularity theorem of Skinner and Wiles [8] .
The prospect of generalizing this lifting result leads us to examine higher dimensional Galois representations with image in a reductive subgroup G of GL n over Q. Suppose B ⊂ G is a choice of a Borel over Q,ρ a Galois homomorphism
and let Ad 0ρ denote the Lie-algebra of the adjoint group G ad over F q . The F q vector space Ad 0ρ acquires an adjoint Galois action
).
It is imperative to the application of the Ramakrishna method thatρ is sufficiently odd, we proceed to explain in greater detail what this condition requires. For an element h ∈ G(F q ), denote by Ad 0ρh the subspace of Ad 0ρ fixed by h, we observe that
The representationρ is odd if equality is achieved for the image of complex conjugation c, i.e.
(1.2) dim Ad 0ρρ(c) = dim G − dim B.
In particular, the group G must contain an element h =ρ(c) for which equality 1.2 is achieved, such an element is said to induce a split Cartan-involution. For n > 2, the group GL n (F q ) contains no element which induces a split Cartan-involution. On the other hand since such elements are in abundance in the general symplectic groups GSp 2n (F q ), it is feasible to generalize Ramakrishna's method (detailed in [7] ) to representations to GL 2n (F q ) with image in a general symplectic group GSp 2n (F q ). Patrikis generalized Ramakrishna's lifting theorem to representations with big image in GSp 2n (F q ). The main theorem 1.1 is thereby a generalization of the theorems of Patrikis and Hamblen-Ramakrishna.
We assume that our representation has image in GSp 2n (F q ) for n ≥ 2. Denote by W(F q ) denote the ring Witt vectors W(F q ), this is the ring of integers of the unramified extension of Q p of degree f . Associate to a commutative ring R, a non-degenerate alternating form on R 2n prescribed by the matrix
The group of general symplectic matrices GSp 2n (R) consists of matrices X which preserve this form up to a scalar i.e. satisfy X t JX ∈ R × · J. The similitude character ϑ : GSp 2n (R) → R × is defined by X t JX = ϑ(X) · J. The adjoint Lie-algebra Ad 0ρ is the Lie-algebra of the group P Sp 2n over F q and is identified with Sp 2n (F q ). The Borel group consists of matrices which are specified in block form as follows: be a Galois representation with image in the Borel B(F q ) which is unramified at all primes outside a finite set S. Composingρ with the similitude-characterθ defines a Galois character to F × qψ
Let T ⊆ GSp 2n denote the diagonal torus. The Cartan sub-algebra of diagonal matrices in Ad 0ρ is n dimensional. Let e i,j denote the matrix with 1 in position on the ith row and jth column and 0 in all other positions. Let t be the space of diagonal matrices in Ad 0 (ρ) spanned over F q by the elements H i := e i,i − e n+i,n+i for i = 1, . . . , n. Let L 1 , . . . , L n be the dual basis to H 1 , . . . , H n , an integer linear combination λ of L 1 , . . . , L n is viewed as character on T (F q ) which is trivial on the center of GSp 2n (F q ). This character is denoted by
associated to which is the Galois character
be the Galois character, which is the composite σ λ := ω λ •ρ.
The roots of Ad 0ρ are specified by
The choice of the Borel B ⊂ GSp 2n prescribes the following choice of simple roots ∆ = {λ i | i = 1, . . . , n}, with λ i = L i − L i+1 for i < n and λ n = 2L n . With respect to ∆, the root 2L 1 = 2 n−1 i=1 λ i + λ n is the highest root and the unique root of height 2n − 1. We will require a certain form of indecomposability of the representationρ with respect to the subspace (Ad
be an upper triangular representation given by
and assume that S is a finite set of primes which contains p. Assume that the following conditions are satisfied (1) q > 5 and p > 2n (2) the representationρ is odd, which is to say if c denotes complex conjugation, then
, observe that the σ 2L 1 eigenspace is a Galois stable submodule of P . We insist that
Likewise, we insist that for any Galois stable submodule Q of Ad 0ρ * , 
where χ is cyclotomic character. We take note of the fact that 4b follows from 4a. (5) We require that the fields Q(Ad 0ρ , µ p ) and Q(µ p 2 ) are linearly disjoint over Q(µ p ), i.e.
Let ψ be a fixed choice of a lift of the characterψ = ϑ •ρ. Then ∃ a finite set of auxiliary primes X disjoint from S and a lift ρ
for all l ∈ S, the restriction to the decomposition group ρ ↾G l ∈ C l .
Remark 1.2.
• The representationρ has distinct Hodge-Tate weights as the image ofρ is required to contain the diagonal torus in Sp 2n .
• For the purpose of obtaining geometric lifts (in the sense of Fontaine and Mazur) we insist that the lift ψ ofψ is chosen such that ψ(c) = −1.
• The deformation condition C p can be chosen to be an appropriate p adic Hodge theoretic condition so long as it is liftable and to has the stipulated dimension. For instance, in [6] and [1] in which an irreducible residual representation is lifted to a geometric one, the local deformation condition C p is the crystalline deformation condition with some additional hypotheses.
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Notation
• Let t be the space of diagonal matrices in Ad 0 (ρ) spanned over F q by the elements
* is the dual basis to H 1 , . . . , H n and
be a choice of the simple roots of Ad 0ρ .
• Let ∆ denote the set of simple roots ∆ := {λ 1 , . . . , λ n }.
• Φ = Φ(Ad 0ρ ) is the root system of Ad 0ρ , for Sp 2n ,
The positive and negative roots are denoted by Φ ± .
• The maximal height of the roots in Φ is 2n − 1. The root 2L 1 is the unique root of height 2n − 1.
• The Borel group consists of matrices which are specified in block form as follows: (2.1)
• Let B 0 = B 0 (F q ) the Borel in Sp 2n (F q ) spanned by the positive roots Φ + and T = T (F q ) the group of diagonal matrices of GSp 2n (F q ).
• Associated with any root λ is a Galois character denoted by σ λ : G Q,S → F × q obtained by composingρ with the character induced on B(F q ) by the root λ.
• For γ ∈ Φ, and a presentation of γ as a non-negative integer linear combination of simple roots γ = α i λ i is unique, the height of γ is the sum of these coefficients 
• For k ≥ 1 let the exponential subgroup of B(F q ) generated by exp((Ad 0ρ ) k ) be denoted by U k . The group U 1 is the unipotent subgroup of B(F q ).
• For µ ∈ Φ let X µ ∈ (Ad 0ρ ) µ be a choice of a generator of (Ad 0ρ ) µ , i.e., X µ is a root vector associated with µ. For instance when n = 2, we may choose root vectors as follows,
The General Lifting Strategy
Ramakrishna's original geometric lifting theorem (see [7] ) provided evidence for Serre's modularity conjecture before it was proved by Khare and Wintenberger. To prove his lifting theorem, Ramakrishna employed a local to global deformation theoretic argument which was adapted to the reducible case in [3] . The lifting strategy in this paper is a generalization of that used by [3] .
The basic strategy involves successively liftingρ to the characteristic zero representation ρ by successively lifting ρ m to ρ m+1 as is depicted in the diagram
so that the lift ρ is geometric. In particular, even thoughρ is reducible, the lift ρ is irreducible. At every prime l we choose an embedding of ι l :Q ֒→Q l . The absolute Galois group G l = Gal(Q l /Q) is identified with the decomposition group of a prime dividing l determined by ι l . The restriction of a global Galois representation r to the decomposition group at l identified with G l is denoted by r ↾G l .
If the global representationρ lifts to a p-adic representation certainly the local representationsρ ↾G l do lift as well. The local to global lifting argument begins with the analysis of certain deformation functors of a local representationρ ↾G l . Definition 3.1. Let C be the category of (pointed) coefficient rings over W(F q ). The objects of this category consist of pairs (R, φ), where R is a complete local noetherian W(F q )-algebra with residue field isomorphic to F q as a W(F q )-algebra and φ is an algebra isomorphism of the residue field with F q . A morphism f : R 1 → R 2 in C consists of an W(F q )-algebra homomorphism such that for the induced homomorphismf on residue fields,
Let l be a prime, given (R, φ) ∈ C, an (R, φ)-lift ofρ is a lift ̺ R ofρ with respect to φ,
Two lifts ̺ R and ̺ ′ R are said to strictly-equivalent if there is
is a strict equivalence class of lifts. The association F l taking a pair (R, φ) to the set of F l (R, φ) consisting of (R, φ)-deformations of ρ ↾G l defines the functor of deformations ofρ ↾G l .
The ring of dual numbers
is a coefficient ring equipped with the mod ǫ isomorphism λ :
The tangent space of F l , which defined as
acquires a natural F q vector space structure and is naturally isomorphic to
). We shall from here on in suppress the residual isomorphism φ in our notation and so R ∈ C refers to a pair (R, φ) where φ is implicit. We shall allow ourselves this slight abuse of notation when there is no room for confusion.
Definition 3.2.
We say that a sub-functor F ′ l of F l is a deformation condition if the following conditions 1 to 3 are satisfied, and that F ′ l is a liftable deformation condition if condition 4 is also satisfied:
Let R 3 be the fibred product
The auxiliary set of primes we use in liftingρ to characteristic zero are an adaptation of the trivial primes of [3] , we simply refer to these as trivial primes. At each trivial prime v we define a deformation condition C v and a subspace
and N v at trivial primes has a large enough dimension for the application of the local to global argument of Ramakrishna to be achieved. In greater detail, if X is a finite set of trivial primes disjoint from S equipped with the stabilizing spaces N v and the primes in l ∈ S are equipped with their tangent conditions N l and at p we prescribe the crystalline deformation condition. Let N be the Selmer-condition N := {N v } v∈S∪X and N ⊥ := {N ⊥ v } v∈S∪X the dual-Selmer condition with respect to the nondegenerate Tate pairing
Attached to N and N ⊥ are the Selmer and dual-Selmer groups
In order for the Ramakrishna method to be applicable, it is required that the dimensions of the Selmer and dual-Selmer groups match up
and it is for this reason that the spaces N v need be large enough at trivial primes v ∈ X.
Since the spaces N v at a trivial prime v stabilize lifts only past mod p 3 , it becomes necessary to produce a mod p 3 lift ρ 3 ofρ before applying the general lifting-strategy. There are three main steps we follow:
(1) first it is shown that there is a finite set of trivial primes X 1 disjoint from S such that the representationρ lifts to a mod p 2 representation ρ 2 which is unramified outside S ∪ X 1 . (2) It is then shown that on adapting the method of Khare, Larsen and Ramakrishna from [4] , there is a finite set of trivial primes X 2 ⊃ X 1 disjoint from S and a mod p 3 lift ρ 3 of ρ 2 which is irreducible as a Galois representation and unramified at primes outside S ∪ X 2 . (3) At this stage, all that remains to be shown is that the set of primes X 2 may be further enlarged to a set of trivial primes X which is disjoint from S such that the dual-Selmer group
This final step warrants some explanation, let ρ m be a mod p m lift of ρ 3 . We are required to lift ρ m to a mod p m+1 representation ρ m+1 . We observe that since the dual Selmer group is zero, so is the X 1 group
The duality of X groups asserts that
If it were the case that for all primes l ∈ S ∪ X, ρ m↾G l ∈ C l , then since X 2 S∪X (Ad 0ρ ) = 0, it follows that since there are no obstructions to lifting ρ m ↾G l , there are no global obstructions to lifting ρ m either. After picking a suitable global cohomology class z ∈ H 1 (G Q,S∪X , Ad 0ρ ) and replacing ρ m by its twist (Id + p m−1 z)ρ m , the new representation ρ m now is locally liftable and hence liftable to ρ m+1 . In greater detail, it is shown that at each prime l ∈ S ∪ X there is a cohomology class
Since m ≥ 3 and N v stabilizes C v for l ∈ S ∪ X, the elements z l are defined modulo N l . It follows from the Poitou-Tate exact sequence that since the dual Selmer group is zero, the Selmer map
is surjective and consequently, the tuple
lifts to a global cohomology class z which is unramified at primes outside S ∪ X. On twisting ρ m by the cohomology class z as indicated previously, we may lift ρ m to a mod p m+1 representation ρ m+1 which is also unramified at primes outside S ∪ X. Prior to liftingρ to characteristic zero, we show thatρ lifts to a mod p 2 representation after possibly increasing the set on whichρ is ramified. For l ∈ S local representationsρ ↾G l ∈ C l and thus in particular lift to mod p 2 representations.
Definition 4.1. Let Z be a finite set of primes and M be an F q [G Q,Z ]-module, the X i -groups associated to M and the set of primes Z are defined as follows
Let X 1 be a finite set of primes disjoint from the set S which contains the set of primes whereρ is ramified and such that for all prime l ∈ X 1 , the representationρ ↾G l lifts to a mod p 2 representation. We shall show in due course that such primes exist in abundance. Let τ be a set theoretic lift ofρ
the obstruction class O(ρ) ofρ is the cohomology class of the 2-cocycle
The Obstruction class is well defined since it does not depend on the choice set-theoretic lift τ . Sinceρ is a homomorphism, O(ρ) takes values in
The residual representationρ lifts to a representation ρ 2 ramified only at primes in S ∪ X 1 if and only if the obstruction class O(ρ) ∈ H 2 (G S∪X 1 , Ad 0ρ ) is zero. For l ∈ S, the local representationρ ↾G l is on C l which is a liftable deformation condition (by assumption) and thus lifts to mod p 2 . At a prime l ∈ X 1 ,ρ is unramified and thus it is easy to see thatρ ↾G l lifts to mod p 2 for l / ∈ X 1 . As a consequence, the local obstruction classes O(ρ ↾G l ) are all zero. Consequently, the global obstruction class
As a first step, we will show that a set of finitely many auxiliary primes X 1 can be chosen so that X 2 S∪X 1 (Ad 0ρ ) = 0. It follows from the previous discussion that for such a set of primes, ρ lifts to mod p 2 representation ρ 2 as depicted
In general, if X is a finite set of primes containing X 1 disjoint to S there exists a lift ρ m to mod p m such that ρ m is unramified at primes l / ∈ S ∪ X 1 and for
Lemma 4.2.
Assume that condition 4a of Theorem 1.1, then condition 4b follows.
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Proof. A root λ ∈ Φ may be represented as a sum of simple roots λ = n i=1 α i (λ)L i with α i ∈ {0, ±1, ±2}. Let t ∈ T ∩ Sp 2n (F q ) be a diagonal element, condition 4a stipulates that there does exist g ∈ G Q(µp) withρ(g) = t. Consequently, σ λ (g) may be expressed as a product
We observe that for γ, γ ′ ∈ Φ,
and as a result, σ γ = σ γ ′ if and only if for all
As q > 5 and
The same goes to show that σ γχ = σ γ ′ for γ = γ ′ .
Henceforth, we assume that 4b is satisfied byρ.
Proof. Suppose first that k ≥ 1. Let γ be of height k. Let X ∈ (Ad 0ρ ) γ , we observe that
If k = 0 and X ∈ t, the conjugation action on X modulo (Ad 0ρ ) 1 is trivial. 
)/Q) be the group cut out by Ad 0ρ and let
) the subfield on which the diagonal characters ϕ i and the mod p similitude character ψ are trivial and N = Gal(Q(Ad 0ρ )/L). For the dual Ad 0ρ * ,
Proof. The group N ab could be identified with a subgroup
By condition 5 of Theorem 1.1, any G/N equivariant map from F q (σ γ ) to F q (σ) is determined by the image of any nonzero element. Therefore,
We have isomorphisms
′ as groups and that N ′ ∩G = N. There is the natural map 
It follows that
Part 4 follows from part 2 just as part 3 followed from part 1 as the following calculation shows
Definition 4.6. Let ε k ⊂ Ad 0ρ * be the subspace of Ad 0ρ * consisting of f ∈ Ad 0ρ * for which f ↾(Ad 0ρ ) k = 0, i.e. ε k := ker{Ad 0ρ * → (Ad
Remark 4.7. For k > −2n + 1, the submodule ε k = 0 and by condition 3 of Theorem 1.1,
Proof. We begin with the proof of 1 first, associated to the short exact sequence of
is the exact sequence in cohomology
∂ By condition 3 of Theorem 1.1, Ad 0ρ does not contain any submodules with trivial Galois action and as a consequence, H 0 (G Q , Ad 0ρ ) = 0. To prove 1 we show that
The condition 6 of Theorem 1.1 stipulates that the characters σ γ span F q and so in particular are non trivial. Therefore for k ≥ 1,
Composing the isomorphisms
we arrive at the isomorphism
We have deduced that
In order to show that the connecting map ∂ is an isomorphism it therefore suffices to show that
which follows if we show that
Therefore,
and we deduce that ∂ is an isomorphism and
is an injection. By part 3 of Lemma 4.5, for k ≥ −1,
and so we deduce that there is a sequence of injections to the zero group
and consequently 1 follows. Let's move on to part 2. By Lemma 4.5,
from which we deduce that
is a surjection for all k. As 
Deformation conditions at Auxiliary Primes
In this section, we describe local conditions at auxiliary primes by Fakhruddin, Khare and Patrikis [2] . These generalize the trivial primes of Hamblen and Ramakrishna.
Definition 5.1. v is a trivial prime if
• G v ⊆ kerρ or equivalently if v splits in the extension Q(ρ) = Q(Ad 0ρ ,ψ).
• The prime v satisfies the congruences
equivalently, v is split in Q(µ p ) but non-split in Q(µ p 2 ). Let E be the field Q(ρ, µ p ) which as stipulated in condition 5 of Theorem 1.1 does not contain Q(µ p 2 ).
Lemma 5.2.
(
Proof. Parts 1 and 2 follow from 1 and 2 respectively of Lemma 4.8 and the inflation-restriction sequence.
Proposition 5.3. Let M denote the finite set of G Q -modules
There is a finite set T ⊃ S such that T /S consists of only trivial primes such that for all M ∈ M,
and so in particular, X 1 T (M) = 0. Proof. We show that T can be chosen for which
be the field extension cut out by ψ, by Lemma 5.2, K ψ Q(Ad 0ρ * ). The extensions E ψ := E · K ψ and E 1 := E · Q(µ p 2 ) are non-trivial extensions of E and there is a Chebotarev class of primes which are non-split in E ψ and E 1 but are split in E. Pick v in this class, for Z a finite set of primes containing v and S, ψ ↾Gv . We may therefore choose a finite set of primes T such that
• T is finite, • T \S consists of only trivial primes, 
For the convenience of the reader, we wish to reiterate the description of the local deformation conditions at trivial primes which have been introduced in (cite).
We associate to a root α, the root-subspace U α is the image of the exponential map (sp 2n ) α → GSp 2n .
We let Z(U α ) be short hand for Z G (U α ) for G = GSp 2n .
Definition 5.5. [2, Definition 3.1] Let v be a trivial prime and α a negative root, the deformation condition C v is defined so that the deformations consist of the deformation classes of lifts
under the composite
which stabilizes it. This is the tangent space of C α v and consists of homomorphisms
Definition 5.6. Let v be a trivial prime, let α be a negative root, we let N
) α ′ and let Z s+1 ∈ t and Z s+1 / ∈ Let T be a finite set of trivial primes containing S such that
ker(t α ). It is easy to see from the definition above that if there exist
Thus there is no obstruction to liftingρ to ζ 2 (6.1)
At each v ∈ T \S we choose a negative root α v and let
. In this section we show that on increasing the set T , there does exist a global cohomology class 
Proof. The group Gal(Q(Ad 0ρ * )/Q(µ p )) can be identified with a quotient of the group Π := ρ * (G Q(µp) ). On the other hand,
contains the torus of Sp 2n (F q ). We deduce that there is a homomorphism
and any finite dimensional G ′ module splits into eigenspaces for the induced action of (T ∩ Sp 2n )(F q ). Since the eigenspaces of Ad 0ρ * are the 1 dimensional, so are the eigenspaces of P . We may write this decomposition as
Since the charactersχσ γ are all distinct we deduce that for ϕ ∈ Hom(P, Ad 0ρ * ) G ′ and p ∈ Pχ σγ there is β ∈ F q such that ϕ(p) = βp.
We deduce therefore that for γ ∈ Φ, there exists β ∈ F q such that the eigenspace
Let β ∈ F q be such that P ϕ=β = 0. As an
if it is not 0. This shows that ∃β ∈ F q such that
It remains to show that P 1 ⊂ P ϕ=β for this choice of β. For t ∈ P 1 and g ∈ G Q,S , since g ∈ B(F q ), the commutativity of the torus implies that
), we deduce that
and therefore t ∈ P ϕ=β . We conclude that P = P ϕ=β , i.e. ϕ = βι P .
Definition 6.2. Let K := Q(Ad 0ρ * ) be the the smallest field for which the adjoint action on Ad 0ρ * becomes trivial when restricted to G K . For a cohomology class ψ ∈ H 1 (G Q , Ad 0ρ * ), the restriction ψ ↾G K is a homomorphism. Let K ψ ⊇ K be the extension defined by this homomorphism, i.e. the smallest extension over which ψ is 0. The Galois group Gal(K ψ /K) is a G ′ submodule of Ad 0ρ * .
Lemma 6.3. Let Z be a finite set of primes containing S and let ω 1 , . . . , ω t ∈ H 1 (G Q,Z , Ad 0ρ * ) be a collection of 1 cohomology classes. Denote the field cut out by ω j by
Proof. We prove this by an inductive argument. For 1 ≤ j ≤ t, let F j denote the composite of the first j fields
We begin by showing the base case
Since K ψ is an abelian extension of K, the Galois group Gal(K ψ /K) inherits an action of G ′ induced by conjugation so we regard Gal(
As an F q -vector space Gal(K 1 /K) can be identified with the subspace
we deduce that P 1 is a submodule of Ad 0ρ * for the adjoint action for the adjoint action of
It suffices therefore to show that Q = 0. This is seen on identifying Q with a quotient of P by a G ′ stable submodule such that G ′ acts trivially on this quotient. There are no such quotients since for γ ∈ Φ, we have assumed thatχσ γ = 1. That concludes the case j = 1. Next we prove the induction step by showing that
for j > 1.
Let
and let τ : P j → Q j denote the quotient map. Since F j is an abelian extension of K, the groups P j and Q j inherit a conjugation action from G ′ = Gal(K/Q) for which the map τ is G ′ equivariant. We identify
Since there are no G ′ stable quotients of P j on which G ′ acts trivially Q j = 0 and it follows by induction that
and so too for j = t. Proof. By condition 5 of Theorem 1.1 the intersection
Proposition 6.4. Let T be as in Proposition 5.3 and ψ be a nonzero element in
Let {ψ 1 , . . . , ψ r } be a basis of W and denote by the composite
and let J ⊂ K ψ be the field fixed by Pχ σ 2L 1 . Since ψ = 0 by Lemma 4.8 it follows that P = 0.
As a consequence of condition 3 of Theorem 1.1 we deduce that Pχ σ 2L 1 = 0 and in particular, J K ψ . If we show that
We consider the following field diagram,
We need to show that there is a rational prime v which is split in F and nonsplit in Q(µ p 2 ) and from J to K ψ . Since J K ψ we deduce that there is a rational prime v which is nonsplit from J to K ψ . Since the extension from J to K ψ has a nontrivial Galois action of Gal(K/Q) we may simultaneously insist that v is nonsplit in Q(µ p 2 ) but split in Q(µ p ). Finally, invoking Lemma 6.3, F ∩ Q(µ p 2 ) = Q(µ p ) we see that it may be insisted that v is split in F too. We proceed to check the two conditions 1 and 2. We begin with condition 1.
The base case s = 1 states that
where
This follows from Lemma 6.1. The induction step from s to s + 1 also follows from Lemma 6.1, from which we see from inflation-restriction
We conclude that L = F and we have deduced condition 1. We proceed to checking condition
is a Gal(K/Q) submodule of Ad 0ρ * and therefore by condition 3 of Theorem 1.1,
Further, Pχ σ 2L 1 is a 1 dimensional over F p , and therefore,
therefore we conclude that F ⊆ J and we deduce condition 2. The statement of the Proposition follows.
Definition 6.5. Let J be a set of trivial primes that contains the set S. Let v / ∈ J be a trivial prime and k ∈ Z. Let
Let τ v be a fixed choice of a generator of the maximal pro p quotient of I v , denote by gives a short exact sequence of F q vector spaces
Proof. Clearly the composite of the maps is 0 and 6.5 is exact in the middle. We observe that by Wiles' Formula, dim Ψ k T ∪{v},T = dim Ψ 
Furthermore, there is, for each
for all w ∈ T and
Proof. The proof of this Proposition is divided into the following steps (1) we begin by analyzing the various splitting/ non-splitting requirements for a trivial prime required by the conditions 1 and 2. (2) next we show that the splitting/non-splitting conditions of 1 and 2 are independent. (3) finally, we show that trivial primes may be chosen so that a class h (v) satisfy the aforementioned properties. 20 We observe that (Ad
γ eigenspaces for γ ∈ Φ with ht(γ) ≥ d. The condition 4 of Theorem 1.1 specifies that
and as a consequence for γ ∈ Φ, we deduce that σ γ =χ ±1 and hence (Ad 0ρ ) * d has no trivial eigenspaces and thus the splitting conditions imposed by condition 1 are independent of the non-splitting condition in Q(µ p 2 ) imposed by the fact that trivial primes are not 1 mod p 2 . Next we analyze the non-splitting condition ψ ↾Gv = 0 of condition 2. By Proposition 6.4 this is a condition on the extension K ψ over K which by Lemma 5.2 is a non-trivial Galois extension. We identify P := Gal(K ψ /K) with ψ(G K ) ⊂ Ad 0ρ * and by condition 3 of Theorem 1.1, thē χσ 2L 1 eigenspace Pχ σ 2L 1 for the action of the torus
is not 0. On invoking Proposition 6.4 we deduce that these conditions are satisfied by a Chebotarev class of trivial primes v. We argue that the conditions 1 and 2 are independent. Condition 1 corresponds to splitting conditions on theχσ −1 γ eigenspaces and the condition 2 is a non-splitting condition on theχσ 2L 1 eigenspace of P = Gal(K ψ /K). The independence of 1 and 2 follow are a consequence of the assumption 4 of Theorem 1.1 that T ∩ Sp 2n (F q ) is contained in the imageρ(G Q ). As a consequence of this inclusion, it follows that
for γ ∈ Φ\{−2L 1 } and therefore the condition in theχσ 2L 1 eigenspace of Gal(K ψ /K) is independent of the splitting conditions imposed by 1, which are inχσ −1 γ eigenspaces of Ad 0ρ * . Therefore, there is a Chebotarev class of trivial primes l consisting of primes v for which both conditions are satisfied. We now show that h (v) exists as specified. An application of the Taylor Wiles formula that for a trivial prime v for which 1 is satisfied, for d > −2n + 1 the restriction map (6.7)
has the same image as
A similar application of the Taylor Wiles formula shows that since condition 2 is satisfied it follows that the image of the map
is greater than that of the map (6.10)
The rest of the proof follows more or less verbatim as that in [3, Proposition 34] . We deduce the existence of
) satisfying the specified properties. Since the image of Ψ T ∪{v},T is greater than the image of Ψ T , there is a g ∈ H 1 (G T ∪{v} , Ad
The argument in [3, Proposition 34] applies word-for-word to imply that W 1 = W 2 and so we deduce the existence of
) for which h (v) ↾Gw = z w↾G w for all w ∈ T . As we have observed,
. Invoking Lemma 6.6, we deduce that on adding a suitable linear combination of elements to
as required.
Remark 6.8. Let v be a trivial prime, let
Proposition 32] for more details. Hn } contained in H 1 (G T ∪{v} , Ad 0ρ * ), with
• The images of the elements η (v) γ (6.11)
are a basis for the cokernel.
Proof. As T is chosen such that X 1 T (ε * k ) = 0 for all k ∈ Z, it follows from Wiles' formula that dim H 1 (G T ∪{v} , ε k ) = dim H 1 (G T , ε k ) + dim ε k it follows that the map on evaluation at τ v H 1 (G T ∪{v} , ε k ) → ε k induces a short exact sequence fo F q vector spaces
The assertion of the Lemma follows.
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Let K γ denote K ηγ and K i denote K η H i . 
From the assertion made in 7.1 we conclude that the difference in the dimensions of images Therefore in order to complete the proof we proceed to construct dim Ad 0ρ − t ′ + 1 elements in ker Φ 3 no linear combination of which lies in N v . We are in fact able to construct dim Ad 0ρ elements, which suffices since t ′ ≥ 1. We proceed as remarked in 5.7. Let Z 1 , . . . , Z s be a basis of W. We observe that kerΦ 1 ⊆ kerΦ 3 . By the exactness of 7.3 there exist ω i ∈ kerΦ 1 such that ω i (τ v ) = Z i for i = 1, . . . , s. We show that no linear combination of {f, ω 1 , . . . , ω s } lies in N v . Let Q = c 0 f + To conclude the proof of Theorem 1.1, we observe that on choosing an appropriately large choice of trivial primes the dual Selmer group vanishes and moreover, since we may choose an arbitrarily large choice of negative roots and ρ 2 (σ v ) at a trivial prime v is contained in T · Z(U α ), we may arrange for ρ 2 to be irreducible and as a consequence the p-adic lift ρ is also irreducible.
